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1. Muc tiéu:

- Thiét lap va chtng minh dinh Ii diém bat dong chung cho anh xa trén
khong gian kiéu-métric.

- Xay dung mot s6 ap dung cho két qua dat dugc.

2. N6i dung chinh:

- Khong gian kiéu-métric.

- Dinh Ii diém bat dong chung cho anh xa trén khong gian kiéu-métric va
ap dung.

3. Két qua chinh dat dudc (khoa hoc, itng dung, dao tao, kinh té
- xa hoi,...): Thiét 1ap va chiing minh duge mot dinh 1i diém bat dong cta

16p anh xa (u,)- f-co yéu tong quat trén khong gian ki¢u-meétric sip thit tu.



Dong thoi, ching to6i ciing xay dung mot so6 ap dung clia két qua dat dudc
trong viec thiét lap dinh li diém bat dong kép trén khong gian kiéu-métric.
Cac két qua chinh duge nhan dang trong 1 bai bao khoa hoc duge nhan dang
tren Tap chi Khoa hoc Dai hoc Dong Thap. Hon nita, cic két qua chinh ctia
dé tai cling 14 mot tai lieu tham khio cho gidng vién va sinh vien Khoa Su
pham Toan-Tin, Truong Dai hoc Dong Thap trong gidng day, nghién ciu va
hoc tap giai tich hién dai.

Chii nhiém d3 tai

Hoang Hién Huéng
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Project Title: On common fixed point theorems for mappings on metric-
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1. Objectives:

- To state and prove the fixed point theorem for mappings on metric-type
spaces.

- To give some applications of the obtained results.

2. Main contents:

- Metric-type spaces.

- Common fixed point theorems on metric-type spaces and applications.

3. Results obtained: A fixed point theorem for (u, 1)- f-weakly contrac-
tive mappings in partially ordered metric-type spaces is stated and proved.
Also, we give some applications of the results obtained in establishing some
coupled fixed point theorems in metric-type spaces. The main results of

project are accepted in a scientific article on Journal of Science of Dong Thap
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University. Moreover, the results of project are also a reference for lecturers
and students of Faculty Mathematics and Information Technology Teacher
Education, Dong Thap University in studying, lecturing and researching ad-

vanced analysis.

Chui nhiém dé tai

Hoang Hién Hudng



MG DAU

1 Toéng quan tinh hinh nghién citu

Nhieu bai toan trong toan hoc va trong cac linh vuc khoa hoc khac thuong
dan dén viec ching minh sy ton tai nghiém ctia phuong trinh F(z) = z.
Nghiém 2 ctia phuong trinh nay ducc goi la diem bat dong ctia anh xa F.
Do dé, viéc xay dung nhitng cong cu khao sat su ton tai diém bat dong cla
mot anh xa thu hat sy quan tam clia nhiéu tic gid. Trong nhitng cong cu do,
Nguyén 1y 4nh xa co Banach trong khong gian métric day du duge xem 14 co
ban nhat. T nguyén 1y niy, nhiéu tac gid da md rong cho nhiing 16p khong
gian khac nhau cting nhu nhitng 16p anh xa co suy rong khéac nhau.

Trong huéng nghién ctu do, nhiéu tac gid da xay dung nhing khong gian
métric suy rong va thiét lap nhiéu dang dinh 1i diém bat dong trén nhiing
khong gian métric suy rong dé nhu 2-métric [8], D-métric [6], G-métric [17],
S-métric [20],... Cung huéng nghién citu nay, trong bai bao [14], Khamsi da
gi6i thieu khai niem kiéu-métric. Dong thoi, trong bai bao nay, tac gid da
trinh bay mot sé tinh chat ctia khong gian kiéu-métric va thiét lap dinh li
diém bat dong tren khong gian nay. Sau d6, trong bai bao [7], cac tac gid da
md rong Nguyén 1y 4nh xa co Banach trong khong gian métric day du sang

khong gian kieu-métric nay. Tit d6, viéc nghién cttu mé rong tit cac dinh i



diém bét dong cho cac dang anh xa co khac nhau trén khong gian métric sang
khong gian kiéu-métric thu hiit mot s6 tac gid quan tam nghien citu [10].

Bén canh viéc dé xuat nhitng khong gian meétric suy rong, nhiéu tac gia
da xay dung nhing dang anh xa co suy rong trén cac khong gian d6 [5, 18].
Nam 1972, Chatterjea da gi6i thiéu khai niém anh xa co suy rong va dugc
goi 14 anh xa C-co [3]. Khai niém nay duge Choudhury téng quat thanh khéi
niém C-co yéu tong quat trén khong gian métric [4] va duge Harjani va cac
cong su khao séat trén khong gian métric thit tu [9]. Nam 2013, trong bai bao
2], Chandok da tong quéat khai niém C-co yéu tong quat thanh khai niém
anh xa (u,1))-f-co yéu tong quat trén khong gian métric sip thi ty. Dong
thoi, tac gia da thiét lap mot s6 dinh 1i diem bat dong chung ctia 16p 4nh xa
co nay trong khong gian métric sap thi tu.

Trong dé tai nay, ching t6i mé rong mot sé két qua vé diém bat dong
trong bai bao [2] sang khong gian kiéu-métric. Dong thai, chiing toi xay dung

mot s6 ap dung ciia két qua dat dugc.

2 Tinh cap thiét cta de tai

Trén co sé nghién cttu mot s6 dinh 1i diém bat dong trén khong gian
kiéu-métric, ching t6i nhan thiy ring nhitng dang dinh li diém bat dong
tren khong gian métric trong [2] chua duge nghién cttu trén khong gian kiéu-
métric. Vi vay, ching toi dit van dé tong quat nhitng dinh 1i diém bat dong
trong bai bao nay tren khong gian kiéu-métric.

Két qua dé tai gép phan lam phong phi thém cac dinh i diem bat dong

trén khong gian ki¢u-meétric trong linh viye 1i thuyét diém bat dong. Dong



thoi, viec nghién cttu deé tai gép phan nang cao chat luong day hoc va nghién

cttu khoa hoc ctia sinh vién va gidng vien tai Truong Dai hoc Dong Thap.

3 Muc tiéu nghién citu

- Thiét lap va ching minh dinh 1i diém bat dong chung cho anh xa trén
khong gian ki¢u-meétric.

- Xay dyng mot s6 ap dung cho két qua dat duoc.

4 CAch tiép can va phuong phap nghién ciu

Cach tiép can: Trén co s6 nghién citu tai lieu tham khao lien quan dén
dé tai, bang cach tuong tir nhitng két qua da co6 trong tai lieu tham khao dé
xuat két qud méi.

Phuong phap nghién ciu: Nghién cttu tai liéu, nim vitng nhitng két qua
da co6, trinh bay truéc nhém nghién citu. Cung véi sy huéng dan cia giang

vién, sinh vién dé xuat va chiing minh két qui mdi.

5 Dbi tugng va pham vi nghién ciu

Nghién cttu dang anh xa (1, 1)-f-co yéu tong quat trén khong gian kicu-

métric thudce linh vue 1 thuyét diém bat dong.

6 NOoOi dung nghién ctu

Dé tai nghién citu mot s6 khai niém, tinh chat ctia khong gian kiéu-métric,

khai niém anh xa (u, ¥)- f-co yéu tong quat trén khong gian kiéu-métric, dinh



Ii diém bat dong chung cho anh xa (u, ¥)-f-co yéu tong quat trén khong gian
kiéu-métric va mot s6 4p dung ctia két qua dat dugc.

Ngoai Muc luc, Mé dau, Két luan va kién nghi, Tai lieu tham khdo, noi
dung chinh ctia dé tai duge trinh bay trong hai chuong.

Chuong 1. Kién thiic chuan bi

Chuong 2. Dinh 1i diém bat dong chung cho anh xa trén khong gian kiéu-

métric va ap dung



CHUONG 1

KIEN THUC CHUAN BI

1.1 Khong gian kiéu-métric
Muc nay trinh bay mot sd khai niém, tinh chat co ban ctia khong gian
kiéu-métric.

1.1.1 Dinh nghia ([14], Definition 2.7). Cho X la mot tap khéac rong, K > 1
1a mot s6 thuc va D : X x X — [0,00) la mot anh xa théa man cac dieu

kién sau.
(1) D(x,y) = 0 khi va chi khi z = y;
(2) D(z,y) = D(y,x) v6i moi x,y € X;

(3) D(z,z) < K[D(z,y1)+D(y1,y2)+. . .+D(yn, z)] véimoiz,y1,...,yn, 2 € X.

Khi dé, D dugce goi 1a mot kiéu-meétric tren X va (X, D, K) duge goi la mot

khong gian kiéu-métric.
1.1.2 Vi du. Cho X = {0, 1,2} va anh xa xéc dinh bdi

D(0,0) = D(1,1) = D(2,2) =0, D(1,2) = D(2,1) = 4,
D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.



Khi d6 D 14 mot kiéu-métric tréen X véi K = 2.
Ching minh. Kiém tra truc tiép cac diéu kién ctia mot kiéu-metric. n

1.1.3 Nhan xét. (1) (X, d) la mot khong gian métric khi va chi khi (X, d, 1)

la mot khong gian kieu-métric.

(2) Trong bai bao [15], Khamsi va Hussain da gidi thieu mot kieu-métric
khéac, trong d6 dieu kien (3) ctia Dinh nghia 1.1.1 duge thay bdi dieu

kién sau.
(3") D(z,2) < K[D(z,y) + D(y,z)] véi moi z,y,z € X.
Trong dé tai nay, ching toi xét kicu-métric theo Dinh nghia 1.1.1.

Khai niem day hoi tu, day Cauchy, tinh day du ctia khong gian kiéu-métric

nay dugc dinh nghia nhu sau.

1.1.4 Dinh nghia ([14], Definition 2.8). Cho (X, D, K) la mot khong gian

ki¢u-métric va {x,} 1a mot day trong X. Khi do

(1) Day {x,} dugc goi 1a hoi ty dén x € X, viét la lim z, = z hoac

n—o0

{,} = =, néu lim D(x,,z) = 0. Khi d6, z dudc goi la diém gidi han

n—oo

ciua day {z,}.

(2) Day {z,} dugc goi 1a mot day Cauchy néu lim  D(zy,,xy,) = 0.

7,M—00
(3) Khong gian (X, D, K) dugc goi 1a day di néu mdi diy Cauchy trong
(X, D, K) la mot day hoi tu.

1.1.5 Nhan xét. Trong khong gian kiéu-métric (X, D, K), topo dugdc hiéu

14 topo cadm sinh béi syt hoi tu clia né. Diéu nay c6 nghia 1a tap G md trong



khong gian kiéu-métric (X, D, K) khi va chi khi v6i mdi z € G, moi day
{z,} C X ma nlg& x, = x thi ton tai ng € N sao cho z,, € G v6i moi n > ny.
Khi d6, kieu-métric D : X x X — [0,00) lién tuc tai (z,y) néu va chi néu
7}1_{{)10 D(zp,yn) = D(z,y) v6i moi day {x,},{y,} trong X ma nh—>I20 Ty = T VA

lim y, = y.

n—oo
1.1.6 Chi y. Trong bai bao [10], cic tac gia da chiing t6 ring ki¢u-métric

la anh xa khong lién tuc, xem [10, Example 2.1].

1.1.7 Ménh dé. Cho (X,D,K) la mot khong gian kiéu-métric. Néu day

{x,} hoi tu thy diém gidi han cia né la duy nhat.

Chitng minh. Gid st ton tai z,y € X sao cho lim 2, = 2 va lim z, = v.
n—0o0 n—oo

Ta co

Suy ra D(x,y) = 0 hay x = y. Vay {z,,} hoi tu t6i mot phan tit duy nhat. [

1.2 Diém bat dong va diém bat dong kép

Muc nay trinh bay lai nhitng khai niem va két qud duge st dung trong
de tai.
1.2.1 Dinh nghia ([2]). Cho (X, <) la khong gian métric sip thi ty va hai

anh xa T, f : X — X. Khi d6

(1) Anh xa T duoc goi la f-don dieu khong gidm néu véi moi x,y € X sao

cho fo < fy thi Tx <X Ty.



(2) Anh xa T duge goi 1a don diéu khong gidm néu véi moi x,y € X sao cho

r Xy thiTe X Ty.
1.2.2 Dinh nghia ([2]). Cho X la khong gian métric va hai anh xa T, f :
X — X. Khi do
(1) Diém x € X dugc goi 1a diém tring cia T va f néu Tx = fz.
(2) Diém x € X dudc goi la diém bat dong cta f néu fr = x.

(3) Diém x € X dudc goi la diém bat dong chung ctia T va f néuTx = fr = .
Ki hieu, F(T; f) la tap cac diém bat dong chung ctia T va f.
(4) T va f dugdc goi 1a giao hodn tai x néu T fx = fTz. T va f dugc goi la
giao hodn néu né giao hoan tai moi z € X.
(5) T va f dudc goi la tuong thich yéu néu né giao hoan tai nhitng diém trimg.
1.2.3 Dinh nghia ([1], Definition 1.2). Cho d4nh xa F': X x X — X. Khi
do, (x,y) € X x X dugc goi la diém bat dong kép cia F néu F(x,y) = x va
Fy,z) =y.
1.2.4 B6 dé ([19], Lemma 2.2). Cho dnh za F : X x X — X va dnh za
Tp: X x X — X x X duoc dinh nghia boi
Tr(z,y) = (F(z,y), F(y, x)) vdi moi z,y € X.
Khi dé, (x,y) la diém bat dong kép cia F khi va chi khi (z,y) la diém bat
dong cua Tk.
1.2.5 Dinh nghia ([1], Definition 1.1). Cho (X, <) la tap sip thi tu va dnh
xa F': X x X — X. Khi d6 F dudc goi 1a don diéu hon hop néu véi moi

r,y € X, ta co



r1,T9 € X, 11 X9 => F(21,y) X F(22,y)
va
Y1, Y2 € X,y 2 yo = F(z,42) < F(x,y1).

1.2.6 Dinh nghia ([2]). Cho (X, <) la tap sap thi tu va W 1a tap con cla
X. Tap W dudc goi la tdap sdp thit tu tot néu véi u,v € W thi v = v hoic

v =< U.

1.2.7 Dinh nghia ([2]). Cho X la tap khdc rong. Khi do (X, D, K, <) dugc
goi 1a khong gian kiéu-métric sdp thi tu néu (X, D, K) la khong gian kiéu-
métric va (X, <) la tap sap thi ty. Hon nita, néu khong gian (X, D, K) day

du thi (X, D, K, <) dudc goi 1a khong gian kieu-métric sdp thit tu day di.

1.2.8 Dinh nghia ([13]). Ham p : [0,00) — [0, 00) dudc goi la bién thién

khodng cdch néu p thod man hai diéu kién sau.
(1) p lien tuc va khong gidm;
(2) pu(t) = 0 khi va chi khi ¢ = 0.

1.2.9 Dinh nghia ([16]). Cho X,Y la hai tap con ctia tap sO thuc va
ham ¢ : X x X — Y dudc goi 1a nia lién tuc dudi tren X x X néu véi
mdi day {(zn,yn)} C X x X, {(zp,y,)} hoi tu dén (z,y) € X x X thi
o S |
lim inf ¢p(an, yn) 2 D(2,y)

Ki hieu ¥ 1a tap cdc ham 1 : [0,00)? — [0, 00) 14 ham ntia lién tuc dudi

sao cho ¥(x,y) = 0 khi va chi khi x =y = 0.
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CHUONG 2

DINH Li DIEM BAT PONG CHUNG CHO
ANH XA TREN KHONG GIAN KIEU-METRIC
VA AP DUNG

2.1 Dinh li diém bat dong chung cho anh xa trén

khong gian kiéu-métric

Muc nay gi6i thieu khai niem anh xa (u, ¥)-f-co yéu tong quat trén khong
gian kieu-métric sap thit tu. Dong thoi, ching t6i thiét lap, ching minh dinh
li diem bat dong chung cho 16p anh xa nay trén khong gian kiéu-métric sip
thit tu va suy ra mot so6 hé qua tir dinh 1f nay. Cac két qua nay 14 sy mé rong
clia cac két qua chinh trong [2] sang khong gian kiéu-métric sap thit ty. Hon
nita, ching to6i ciing xay dyng vi du minh hoa cho két qua dat dugce. Cac két
qua chinh ctia muc nay dugce bao cao trong Hoi nghi sinh vién nghién citu
khoa hoc nam 2013, Truong Dai hoc Dong Thap [11] va duge cong bd trong
bai bao [12].

Trude hét, ching toi dé xuat khai niem anh xa (p, 9)-f-co yéu tong quat

trong khong gian kiéu-métric sip tha tu.

2.1.1 Dinh nghia ([12], Dinh nghia 2.1). Cho (X, D, K, <) la khong gian
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kiéu-métric sdp thit tu, hai &nh xa T, f : X — X, ham bién thién khoang
cach g va ham ¢ € W. Anh xa T duge goi 1a (j1,9)-f-co yéu tong qudt néu

1

w0 19) < (s

(D(f2,Ty) + D(fy. T:c»)

vl moi xz,y € X ma fxr = fy.

Tiép theo, ching toi trinh bay dinh li diem bat dong chung cta 16p xa

(1, v)-f-co yéu tong quat trén khong gian kiéu-métric sip thit ty nhu sau.

2.1.2 Dinh 1i ([12], Dinh li 2.2). Cho (X, D, K, <) la mot khong gian kiéu-
métric day di sdp thid tu, trong dé D la dnh za lien tuc va hai dnh za

T, f: X — X thod man cdic dieu kién sau.

(1) TX C fX va fX la tap dong;

(2) T la dnh za f-don dieu khong gidm va (p,0)-f-co yéu tong qudt;
(3) f va T la tuong thich yéu;

(4) Néu {fx,} la day khong gidm va {fx,} — fz € fX th fx, < fz va
fz 2 f(f2);

(5) Ton tai xg € X sao cho frg =< Txy.

Khi dé, f va T ¢ diém bat dong chung. Hon nita, F(T; f) la tap sdp thi tu

tot khi va chi khi f va T ¢6 duy nhat diém bat dong chung.

Chiing minh. Khi K = 1, Dinh 1i 2.1.2 tré thanh [2, theorem 2.1]. Do dé,

trong chiing minh nay ta chi xét K > 1. Chon 2y € X sao cho fxg <X Tuxy.
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Do TX C fX nén ton tai 1 € X sao cho fx; = Txg. Do Tx; € fX nén ton
tai 29 € X sao cho fxs = T'wy. Tiép tuc qua trinh nay, ta xay dung dudc day
{z,} C X sao cho fx,.1 =Tz, v6i moi n € N.

Vi fog X Txy = frq va T la ham don diéu f-khong giam nén Tzy < Txy
hay fx; =X fxo. Vi fz; =2 fxy va T la ham don diéu f-khong giam nén

Tz =< Tx hay fxs = fxz. Tiép tuc qua trinh nay, ta chiing minh dugc
frn 2 frp vaTe, < Tr,q v6i moi n € N, (2.2)

Do fx, = fr,s1 nén tur (2.1) ta duge

1

W(D(Tpi1, Tay)) < u(m(l)(

Fuer, Ta) + D(frn, Tanp)) )
—¢(D(f$n+1> Tg;n)a D(fxm Txn—i—l))

1
D(Tﬂfn_l, Txn+1))-

Mk 1)

IN

Vi p la ham khong giam nén

D(Tﬂfnﬂ;Tﬂ?n) < mD(Txn—laTxn—i—l)

1
S K—H(D(Tﬂfn, Tﬂfn_l) + D(Txn+1, TCUTL))

. 1
bieu nay tuong duong véi D(Txp1,Tx,) < gD(Txn,Txn_l) v6l moi

n > 1. Lap lai qua trinh nay ta dugc
1 1
D(Txpi1,Txy,) < ED(T:Bn,T:Cn,l) <...< ﬁD(Txl,Tazg) (2.3)
Theo tinh chét (3) ctia kidu-métric D, v6i moi m,n € N ma n > m ta co

D(Txy,, Tx,) < K(D(Txp, Txpmi1)+D(Txmir, Tnt2)+...+D(Txy 1, Txy)).
(2.4)
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T (2.4), sit dung (2.3) va do K > 1 nén

1
D(Txy,, Tx,) < K(Km + Fomil +...+ Kn_l)D(Tajl,Ta:O)
| 1
1 o n—m
- K K™ D(Ty, Txo)
Kmo 1
K
1 1
S mKn—2D(TﬁC1,TxO). (25)
Cho m,n — oo trong (2.5) ta duge lim D(Tx,, Tz,) = 0. Do d6 {Tz,} la
n—oo

day Cauchy. Vi fz,+1 = Tx, v6i moi n € N nén {fz,} cing la day Cauchy
trong fX. Do X day du va fX la tap déng nén fX day du. Do d6 {fz,}

hoi tu trong fX, tic la ton tai z € X sao cho

lim fx,y = lim Tz, = fz. (2.6)
n—oo n—oo

Tu (2.3), (2.6) va theo gia thiét (4) suy ra fz, < fz v6i moi n € N va
fz 2 f(f2).

Do T 1a (u,1)-f-co yéu tong quat nén

p(D(T2, feni)) = p(D(TzTw,))
1

< M(m

(D(fz,Txy) + D(fxn, Tz)))
—(D(fz,Txy), D(fr,, Tz)).(2.7)

Cho n — oo trong (2.7) ta duge u(D(Tz, fz)) < u(m

D(fz,Tz). Tit do,

D(fz,Tz)).
1

Vi p 1a ham khong gidm nén D(Tz, fz) < m

ta co D(Tz, fz) =0, suy ra Tz = fz. Do d6, z la diém tring ctia T va f.

Do T va f la cap tuong thich yéu nén diat w = Tz = fz. Khi d6

Tw=Tfz= fTz= fw. (2.8)
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Do fw = ffz = fzva T la (u,)-f-co yéu tong quat nén

1
D(Tw,T < — (D T D T
WDTwT2) < g (DU T2 + D Tw)
2
< —D(Tw, T
2 .
Vi p la ham khong gidm nén D(Tw,Tz) < mD(TU}, Tz). Két hgp
vl K > 1 ta co
D(Tw,Tz) =0 hay Tw = T=z. (2.9)

Tir (2.8) va (2.9) suy ra fw = Tw = w hay w 1a diém bat dong chung clia
T va f.

Bay gio, gid stt rang F (T f) 1a sap thit ty tot. Ta chitng té rang diém bat
dong chung ctia T va f 1a duy nhat. Gia sit ton tai u, v sao cho fu =Tu =u
va fo=Tv=wv. Viu,v € F(T; f) va F(T; f) 1a sdp thtt tu t6t nén u va v so
sanh duge. Khong méat tinh tong quat, gia st u = v. Suy ra fu = u > v = fo.
Do fu = fv. va T 1a (u,)-f-co yéu tong quat nén

w(D(w,v)) = u(D(Tu,Tv)

1
w1

IA

(D(fu,Tv) + D(fv,Tv)))

_¢<D(fu7 TU)? D(f’U, TU))
< W)
2
K(K + 1)

v6i K > 1 ta c6 D(u,v) = 0 hay u = v. Vay diém bat dong chung ctia T va

Vi p 1a ham khong gidm nén D(u,v) < D(u,v). Tu dé két hop

f 1a duy nhat.
Nguge lai, néu T va f ¢6 duy nhat mot diém bat dong chung thi F(T; f)

chi ¢c6 mot phan tit nén sap thit tu tot. ]
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Lap luan tuong tu nhu trong chiing minh Dinh 1i 2.1.2 véi f la anh xa

dong nhat, ching toi nhan dude hé qua sau.

2.1.3 Hé qua ([12], He qua 2.3). Cho (X, D, K, =) la mot khong gian kiéu-
métric day di sdp thd tu, trong dé D la dnh za lien tuc va hai dnh za

T,f: X — X thod man cic dieu kién sau.

(1) T la anh za don diéu khong gidm thoéa man

1

RELD) (D(x,Ty) +D(?JaT5U))>

_¢<D($7 Ty)7 D(y> T:C))

uw(D(Tz, Ty)) < u(

vdi moi x,y € X ma x =y, trong dé p la ham bién thién khodng cdch

va i € W;
(2) Ton tai zg € X sao cho xg =< Txo;

(3) Néu T lién tuc hodc néu {x,} la day khong gidm va {x,} — z € X thi

Ty =X 2.

Khi dé, T co diém bat dong. Hon nia, néu vdi bat ky x,y € X luon ton
tat w € X sao cho w so sanh dugc vdi x va y thi diém bat dong cua T la

duy nhat.

Ching minh. Ta xét hai truong hgp.

Truong hop 1. T lién tuc. Lap luan tuong tu nhu trong chitng minh Dinh
1{ 2.1.2 v6i f la anh xa dong nhat ta ching minh duge {x,} 1a day Cauchy.
Do X la day da neén {x,} hoi tu. Gi& st limz, = 2. Khi d6, vi 2,41 = Tz,

va T lién tuc nén z = lim z,4; = lim Tz, = T(lim z,) = Tz. Do d6 T ¢6
n—oo

mot diem bat dong 1a z.
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Bay gio, gid st u va v 1a hai diém bat dong ctia T sao cho u # v. Khi do,
ton tai w € X sao cho w so sanh dudc v6i v va v. Vi w so sanh dude véi u,
khong mat tinh tong quat ta gid sit u = w. Vi T la anh xa khong gidm nén

suy ra T"u = T"w. Theo gia thiét (1) ta co

w(D(u, T"w) = p(D(T"u, T"w)) = w(D(TT" 'u, TT" 'w)
1

< Mg P e T + DI e, Tw))
—(D(T" Y, T™w), D(T™ tw, T™u))
~ mem T"w) + D(T" ", u)))
—(D(u, T"w), D(T"_lw, w))
< M(m(l)(u, T"w) 4+ D(T" w, u))). (2.10)

Vi i 1a ham khong gidm nén suy ra

1
pu(D(u, T"w) <

< m(D(u, T"w) 4+ D(T" w, u)).

N ~ . 1
Diéu nay dan dén D(u,T"w) < ED(U, T lw) < D(u, T"1). Do dé
{D(u,T"w)} 1a day don dieu giam khong am. Suy ra ton tai r > 0 sao

cho lim D(u,T"w) = r.

n—oo

Khi d6 cho n — oo trong (2.10) va tut tinh lién tuc clia o va mia lién tuc
2r 2r
I W < g —=
K(K+1)) w(r’r)—”(K(KH)

2 .
r=0.Do do lim D(u,T"w) =0 hay lim T"w = u.

n—oo n—oo

duéi ctia ¢ ta duge u(r) < u( ). Vi p la

ham khong gidm nén suy ra r <

Twong tu, w so sanh dugce véi v ta cling chiing minh duge lim T"w = v.

n—oo

Do tinh duy nhat ctia gi6i han nén u = v.

Truong hgp 2. Néu day {z,} la day khong gidm va {z,} — 2 € X thi
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2, = z. Khi d6, trong Dinh 1i 2.1.2 bang cach chon f 1a 4nh xa dong nhat,

ta thu dugce diéu phai ching minh. O
Trong Hé qua 2.1.3, néu p 1& anh xa dong nhat thi ta thu dugce hé qua sau.

2.1.4 Hé qua ([12], He qua 2.4). Cho (X, D, K, =) la mot khong gian kiéu-
métric day di sdp thia tu, trong dé D la dnh za lién tuc va hai dnh za

T,f: X — X thod man cdac dieu kién sau.

(1) T la anh za don diéu khong giam thoa man

1
K(K+1)
vdi moi x,y € X ma x =y, trong do i € U;

(2) Ton tai xg € X sao cho xg =< Txo;

(3) Néu T lién tuc hodc néu {x,} la day khong gidm va {x,} — 2z € X thi

Ty = Z.

Khi dé, T c6 diém bat dong. Hon nia, néu vdi bat ky x,y € X luon ton

tat w € X sao cho w so sanh dugc vor x va y thi diém bat dong cua T la

duy nhat.
T Heé qua 2.1.4, néu ¢(x,y) L A (x+y) voi > ()
rong Hé qua 2.1.4, neu ¢¥(z,y) = | ——— — x V6l x
1
va 0 < A < ——— thi ta thu dugc hé qua sau.

K(K+1)
2.1.5 Hé qua ([12], He qua 2.5). Cho (X, D, K, =) la mot khong gian kiéu-
métric day di sdp thid tu, trong dé D la dnh za lién tuc va hai dnh za

T, f: X — X thod mdn cdic dieu kién sau.
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(1) T la ham don diéu khong gidm thod man

D@%T@gAuX%ﬂ0+D@J@%0<A<gﬁz:5

vdi moi x,y € X ma x > y;
(2) Ton tai xg € X sao cho xg < Txp;

(3) Anh za T lien tuc hodc néu {x,} la day khong gidm va {z,} — z € X

thi x,, = z.

Khi dé, T c6 diem bat dong. Hon niia, néu vdi bt ky x,y € X luon ton
tat w € X sao cho w so sanh dugc vdi x va y thi diém bat dong ciua T la

duy nhat.

Cudi cling clia muc nay, ching t6i xay dung vi du minh hoa cho Dinh

i 2.1.2.

2.1.6 Vi du ([12], Vi du 2.6). Cho X = {0,1,2} vdi thi tu thong thuong

trén R va anh xa xac dinh bdi

D(0,0) = D(1,1) = D(2,2) =0, D(1,2) = D(2,1) = 4,
D(0,1) = D(1,0) = D(0,2) = D(2,0) = 1.

Khi d6 (X, D) 1a khong gian kiéu-métric sap thit ty day da véi K = 2.

Xét hai anh xa T, f : X — X xac dinh bdi
T0=T1=T2=0,f0=0, f1=f2=2.

1
Xét ham p(t) = 6t v6i moi t > 0 va ham ¢ (a, b) = §(a +b) v6i a,b > 0.
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Khi d6, v6i moi fx > fy ta c6 u(D(Txz, Ty) = p(D(0,0)) =0 va
u (§ (0T + DUy T2 ) = G(D(. 7). DUfy. o)

(é (D(fx,0) + D(fy, 0))) = ¥(D(fz,0), D(fy,0))

(D(fx,0) + D(fy,0)).

o= =

Do doé

W(D(T0,Ty) < p (§ (DU2,Ty) + DUy T) ) = (DU Ty), DUy T)

hay T 1& (p, 9)- f-co yéu tong quat. Dong thai cic gia thiét con lai trong Dinh

If 2.1.2 déu théa man. Do d6, T va f c6 diém bat dong chung.

2.2 Mot s6 ap dung

Trong muc nay, ching t6i ap dung Hée qua 2.1.3 dé thiét lap mot so két

qua diém bat dong kép. Trude hét, ching toi thiét lap menh dé sau.
2.2.1 Ménh dé. Cho (X, D, K) la mot khong gian kiéu-métric. Khi do
(1) Di((z,y), (u,v)) = D(z,u) + D(y,v) la mot kiu-métric trén X>.

(2) Déy {(xy,,yn)} hoi tu trong (X2, Dy, K) khi va chi khi {z,,}, {y.} hoi tu
trong (X, D, K).

(3) Day {(xn,yn)} la diy Cauchy trong (X?, Dy, K) khi va chi khi day {x,},
{yn} la day Cauchy trong (X, D, K).

(4) Khong gian (X2, Dy, K) day di khi va chi khi khong gian (X, D, K)
day di.
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Chatng minh. (1). Kiém tra tryc tiép cac dicu kién ctia mot kiéu-métric.
(2). Suy ra tit dang thitc Dy((2n, yn), (2,y)) = D(zn, ) + D(yn, y).
(3). Suy ra tit dang thitc Di((2n, Yn)s (Zm, Ym)) = D(20, ) + D(Yn, Ym)-

(4). Suy ra tur (2) va (3). O
Cho (X, <) 1a tap sap thit tu. Trén X? ta xét quan he thit ti sau:

(z,y) < (u,v) khi va chi khi x <u va y = v.
Tiép theo, chiing toi thiét lap dinh Ii diéem bat dong kép ctia 4nh xa.

2.2.2 Dinh li. Cho (X, D, K, =) la khong gian kiéu-métric day di sdp thi
tw, trong dé D la dnh za lién tuc va dnh za F : X x X — X don diéu hon

hop théa man cdc dieu kién sau.
(1) Ton tai ham bién thién khodng cach p va ham ¢ € U sao cho

p(D(F(z,y), F(u,v)) + D(F(y, x), F'(v,u)))
1
= “(K(K+ 0

+D(v, F(y, 2))) ) = &(D(w, F(u,v)) + Dly, F(v,0)),

D(u, F(z,y)) + D(v, F(y,)))

(D(x, F(u,v)) 4+ D(y, F(v,u)) + D(u, F(x,y))

vot Mot x, Y, u,v € X ma T = u,y 2 v;
(2) Ton tai (xo,y0) € X X X sao cho xy = F(xo,y0) va yo = F(yo, To);

(3) Néu F lién tuc hodc néu {x,},{y,} la hai day khong gidm sao cho {x,}

hoi tu dén z1 € X va {y,} hoi tu dén zo € X thi v, =< 21,yn = 2.

Khi do, F ¢6 diém bat dong kép.
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Chiing minh. Dat
Di((z,y), (u,v)) = D(x,u) + D(y, v)
v6i moi (z,y), (u,v) € X x X va anh xa Tp : X x X — X x X xac dinh bdi

TF(x7y) = (F(Ivy)DF(:%x))

v6i x,y € X. Theo Ménh dé 2.2.1, (X2, Dy, K) 1a mot khong gian ki¢u-métric

day da. Tu diéu kien (1) ta 6

M(Dl(TF(xay)vTF<u’v))
< u (m (Du((e,y), T, v)) + Da((u, v>,TF<x,y>>>)

— (Dl((xvy)’TF(ua U))v Dl((“? U)vTF<$>y)))

v6i moi (z,y) = (u,v).

Gia st ton tai (7o, y9) € X x X sao cho xg < F(z0,%0), %0 = F(yo, o).

Suy ra (20, Y0) = (F(20,90), (Yo, 20)) hay (2o, yo) = Tr(xo, yo)-

Hon nita, cac dicu kien khac ctia He qua 2.1.3 dudc théa man. Do d6, Tr co

diem bat dong. Theo Bo dé 1.2.4 suy ra F c6 diém bat dong kép. O
Trong Dinh 1i 2.2.2, néu p 14 4nh xa dong nhat thi ta thu duge hé qua sau.

2.2.3 Hé qua. Cho (X, D, K, =) la khong gian kieu-métric day di sdp thi

tw va dnh va F: X x X — X don diéu hon hop théa man cdc diéu kién sau.

(1) Ton tai ham v € ¥ sao cho

D(F(x,y), F(u,v)) + D(F(y, z), F(v,u))
1

SKETD (D(z, F(u,v)) + D(y, F(v,u)) + D(u, F(z,y)) + D(v, F(y, 2)))

—Z/J((D(%F(Ua U)) + D(va(U>u))v (D(%F(xvy)) + D(U,F(y,:t)))
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vot Mot T, Y, u,v € X ma T = u,y 3 v;
(2) Ton tai (xg,y0) € X X X sao cho xog < F(x0,y0) va yo = F(yo, To);

(3) Néu F lién tuc hodc néu {x,},{yn} la hai day khong gidm va {x,} hoi

tu dén z1 € X va {yn} hoi tu dén 20 € X thh x, < 21,Yn = 2o.

Khi dé, F c6 diém bat dong kép.

. 1
Trong Hé qua 2.2.3, néu ¢(z,y) = <m — )x) (x+y) v6iz,y >0
1
va 0 < A < ——— thi ta thu dugc hé qua sau.

K(K+1)
2.2.4 Hé qua. Cho (X, D, K, =) la khong gian kieu-métric day di sdp thi

twva dnh za F: X x X — X don diéu hon hop théa man cdc diéu kién sau

(1) Ton tai 0 < X < m sao cho
D(F(z, ), Flu,0)) + D(F(y,), F(v,u)
< A(D(z, F(u,v)) + D(y, F(v,u)) + D(u, F(z,y)) + D(v, F(y,x)))

vot Mot T, Y, u,v € X mar = u,y X v;
(2) Ton tai (xg,v0) € X X X sao cho xg < F(x0,y0) va yo = F(yo, T0);

(3) Néu F lién tuc hodc néu {x,},{y,} la hai day khong giam va {z,} hoi

tu dén z1 € X va {yn} hoi tu dén 2o € X thi x, < 21,yn = 2.

Khi dé, F ¢6 diém bat dong kép.
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KET LUAN VA KIEN NGHI

1 Két luan

Dé tai da dat dudc nhitng két qua sau.

- He thong hoa mot sé khai niem, tinh chat co ban ctia khong gian kiéu-
meétric.

- Dé xuat khai niem anh xa (p,v)-f-co yéu tong quat trong khong gian
kiéu-métric: Dinh nghia 2.1.1

- Thiét lap va chting minh dinh li diém bat dong chung cta 16p anh xa
(p,v)-f-co yéu tong quat trong khong gian kiéu-meétric: Dinh 1f 2.1.2 v& mot
s6 hé qua nhu He qua 2.1.3, He qua 2.1.4, He qua 2.1.5.

- Xay dung vi du minh hoa cho Dinh li 2.1.2: Vi du 2.1.6.

- Xay dung mot s6 ap dung ciia Hé qua 2.1.3 trong viéc thiét lap dinh 1
diém bat dong kép nhu Dinh Ii 2.2.2, Hé qua 2.2.3, Hé qui 2.2.4.

- C4ac két qua chinh cia dé tai duge bao cédo trong Hoi nghi sinh vién
nghién cttu khoa hoc ndm 2013, Truong Dai hoc Dong Thap [11] va dugc

cong bo trong bai bao [12].
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2 Kién nghi

Trong thoi gian t6i, dé tai c6 thé phat trién theo huéng sau:

- Nghién cttu vé diém bat dong chung ctia anh xa (u,)-f-co yéu tong
quat tréen mot s6 khong gian métric suy rong khac.

- Tim mot sé ap dung cho dinh 1f diém bat dong dugc thiét lap ctia dé
tai trong linh viuc phuong trinh vi phan, phuong trinh tich phan va phuong

trinh dao ham riéng.
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PHU LUC

Noi dung bai bao khoa hoc vé cic két qua ciia dé tai
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